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FLOW AND HEAT TRANSFER IN A FILM OF VISCOUS LIQUID ON A ROTATING 
DISK 
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A numerical method employing a computer is used to investigate the 
hydrodynamics and heat transfer of a thin film of incompressible vis- 
cous liquid on a rotating disk for the case of laminar flow when it is 
possible to neglect surface tension, body forces, and friction between 
liquid fiIm and gas medium. 

The absence  of f r ic t ion  at the l iqu id-gas  in te r face  
gives 

O u  = O r  s = O. (4) 
Oy s Oy 

Viscous l iquid f i lm flow over ro ta t ing  sur faces  
needs  to be s tudied in connect ion with the design of 
t u r b o m a c h i n e r y  and va r ious  i n d u s t r i a l  equipment ,  as 
well  as in other  b ranches  of technology.  The publ ished 
l i t e r a t u r e  offers no theore t i ca l  so lut ions  of this p rob-  
lem: Vachagin and Nikolaev [1] have at tempted to ob- 
ta in  an approximate  solut ion for average  ve loc i t ies ,  
Espig  and Hoyle [2] give the r e s u l t s  of m e a s u r e m e n t s  
of f i lm th ickness  as a function of flow r a t e  and disk  
speed for the wave flow r eg ime .  I t  was, therefore ,  
cons ide red  d e s i r a b l e  to make  a t heo re t i ca l  study of the 
p rob l em by solving the flow and energy  equat ions nu-  
m e r i c a l l y .  

This  paper  is concerned  with pure ly  l a m i n a r  flow 
without a l lowance for su r face  t ens ion  and a s soc ia t ed  
wave effects .  This  inf luence  of body forces  and f r i c -  
t ion between l iquid f i lm and gas medium is neglected.  

A s s u m i n g  that  the f i lm is r e l a t i ve ly  thin, we can 
wr i te  the Nav ie r -S tokes  and energy  equat ions in the 
fo rm of equat ions of the boundary  layer  type [3]. In  
this case  3p/Sy = 0; in view of the ro ta t ion  of the d isk  
in an open space  we also have Op/0x = 0. T h e r e f o r e  
the ftow and energy  equat ions a s s u m e  the fo rm 

Ou Ou v ~ 02u 
Re ~ u - ~ x  + w  Og x Og ~ ' 

( Ov UV x ov o~-v Re ~ u ~ + - -  + w  - , ay av ~ 

a .  + . ~ +  a ~  =o, R~'(-~2 - ; j  oy 

OO O0 020 
Re 2pru  - -  + P r w  - -  = - -  ( 1 )  

ax Oy Oy 2 

Here,  x = r / r  o, y = z/5 o, u = Vr/(r0wRe), v = v~oArow), 
w =  VzS/V, | = ( T -  Ts) / (T d -  Ts),  R e = 5 ~ w / v ,  P r  = 
= # Cp/~. 

Equations (i) are solved for the following boundary 

conditions (Fig. I). At the initial radius r = r 0 the 

profiles of the velocity and temperature components 
are given, i. e., atx= 1 

u=u~  v=v~  0 = O~ (2) 

F r o m  the condi t ion of adhes ion of the l iquid to the 
ro ta t ing  disk  at y = 0 

u = O ,  v = x .  (3) 

At the surface of the disk the values of the normal 
component of velocity w are also given: 

wly=0 = w0 (x), (5) 

i. e . ,  i t  is poss ib le  to specify any ~adial  d i s t r ibu t ion  
of supply and r e m o v a l  of l iquid through the sur face  of 
the ro ta t ing  disk.  

The t e m p e r a t u r e  fields were  ca lcula ted  f rom the 
condit ion of cons tant  t e m p e r a t u r e  head, i. e . ,  

@ Iv=0----1, O l s=O.  (6) 

Each of the second-order equations of system (1) 
is a nonlinear equation of parabolic type of the form 

af of a~f a - - + b - - ~ - - + c ,  (7) 
Ox Oy OV ~ 

where a,  b, c depend on unknown funct ions .  
We in t roduce  the r e c t a n g u l a r  net  

x = l  + n A x ,  

y = m A y  (n.~O, 1 . . . .  ; re=O, 1 . . . .  M(n)) 

and wri te  (7) in d i f fe rence  form at the ha l f - In tege r  
points  

x =  l + ( n + ~ ) A x ,  y = m h y  (0 ,~<~1) .  

We obtain the s y s t e m  of equat ions 

+ (1--~)ff~,+,  - f~,-, ) ]=  

1 {t',~ ,,"+ , . , + ,  - f,~+') ' + ( 1  - ~ , ) ( t , ~ + , -  t,,,)] - " 
(A V) "~ 

- - [ o ( ? ~ + ' - - t ~ + 2 , ) + ( 1 - ~ ) ( f ~ - - f % _ , ) ] } + c ~ 2  ~ (s) 

in the unknown f u n e t i o n s f  n .  In this  case  the va lues  of 
the coeff ic ients  a, b, c at the "ha l f - in t ege r"  points  a re  
d e t e r m i n e d  by l i n e a r  in terpola t ion:  

~ + o  = ~ + l  + ( 1 - -  ~) ~ .  " (9) 
~ r n  ~ ? n  

We note that  at e = 1/2 we obtain the bes t  o rde r  of 
approx imat ion  of the de r iva t i ve s .  In the l i n e a r  case  the 
s a m e  value e n s u r e s  the s tab i l i ty  of the computa t ion  
p r oc e s s  (at a l l  ~ _> 1/2). T h e r e f o r e  the ca lcu la t ions  
were  made  for ~ -- 1/2. 
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l Z V , . o  o r ~ . . ~  rs 

4 .  ' 
~ t  t I t t 4 

Fig .  1. D i a g r a m  of the p r o b l e m .  

In o r d e r  to s a t i s f y  the cont inui ty  equation and the  
bounda ry  condi t ion  for  w, i t  i s  convenien t  to in t roduce  
the s t r e a m  funct ion 

Y 

~2 = ( uxdg�9 (lO) 
0 

Then f r o m  the cont inui ty  equat ion the va lues  of w n+~ 
a r e  computed  f rom 

~ + o  = ~ + o  + Re~ (abn __ r ( i i )  
A x [ 1 + (n + o) A x] . . . . . .  

The t h i c k n e s s  of the  v i scous  f i lm in the  (n § 1)-th 
s e c t i o n  i s  d e t e r m i n e d  a f t e r  obta in ing  the va lue  of the 
to ta l  f low r a t e  ~tJ n+l which depends  on the flow r a t e  

l 

th rough  the in i t ia l  s ec t ion  ~p: = ~ uOdy and the r a t e  of 
0 

supp ly  th rough  the s u r f a c e  of the  d i s k  w0(x): 

a x [ l + ( n  + a ) h x l  . (12) 
~ : + '  = ~ + ( = ~ + o -  w~+o) Re ~ 

Having the va lue s  of Um n in the  g iven  sec t ion  in s o m e  
app rox ima t ion ,  f r o m  (10) we compute  the va lues  of s n  
up to s o m e  m = M(n) for  which 

In each  s ec t i on  the s e c o n d - o r d e r  d i f f e r ence  Eq. (8) 
t a k e s  the  f o r m  

n n ~ n n ?2 n 
am :~ - :  + ~m f m +  Vra [~+: = 6m. (14) 

Th i s  equat ion i s  so lved  by the p ivo ta l  condensa t ion  
method:  f i r s t  the  coef f i c ien t s  

n n - -  n A n - 

n ~ n n - -  W-1 Bin) : ([1~,-1 (15) = + W-1 Am), Bm-I ( 6 m - - I  

a r e  computed ,  and then the v a l u e s  of the  funct ion 

fnm+ 1 ----- n n a Bm+l Am+1 fm + �9 (16) 

F o r  bounda ry  condi t ions  (4), with account  for  (13), 
us ing  q u a d r a t i c  i n t e r p o l a t i o n  we obtain the  fol lowing 
equa t ions  for  the  i n i t i a l  coef f ic ien t s :  

A ~ = ( ~ - l + 2  qq+1+1/2 a ~ - l )  : 

.(qq+3/2+1/2 a ~ - 1 - - u  ' 

B~M =" ~ - 1 :  "Y~-I  q + 1 / 2  aM-J ' 

q ffi ( , ~  - -  r  : (g~_ ,  - -  ~ ) .  (17) 

Boundary  condi t ions  (6) for  the t e m p e r a t u r e  g ive  

A~=q:(l--q),  B~-~O. (18) 

The  quant i t i es  a n ,  3 n ,  y~ n, 5 ~  depend not  only on 
the va lues  of the unknown funct ions in the p rev ious  s e c -  
tion, but a l so  on the va lues  in the  given sec t ion;  t h e r e -  
fo re  i t  is  n e c e s s a r y  to use  i t e r a t i on .  

In o r d e r  to work  out and t e s t  the  a l g o r i t h m  and the 
p r o g r a m ,  an ana ly t i c  s i m i l a r  so lu t ion  was found for  
s m a l l  Re n u m b e r s .  Th is  solut ion is  obta ined f rom the 
condi t ion  of cons tan t  f i lm th i ckness  for  a c o r r e s p o n d -  
ing un i fo rm supply  of l iquid th rough  the d i sk .  It has 
the fo rm 

u = u ~ (y) x, v = v ~ (y) x, (19) 

whe re  ( 1 )  u ~ y - - - ~ g ~  + R e  ~g>l. 

( l y5 1 . 1 1 _a_14) 
• - - -  + v - - f f  v ~ .... 

R e 2  3 2 v O = l + - ~ y ( - - y  +4y - - S ) +  . . . .  (20) 

In th is  c a s e  m e d i u m  is  suppl ied  at  a r a t e  

2 208 W o = - -  Re 2 - -  RO+ . . . .  (21) 
3 315 

Ca lcu la t ions  based  on this  p r o g r a m  with ve loc i t y  
d i s t r i b u t i o n s  in the  in i t i a l  s ec t ion  taken in a c c o r d a n c e  
with (20) and with un i fo rm in f i l t r a t ion ,  in a c c o r d a n c e  
with (21), g ive  c o n s e r v a t i o n  of f i lm  th ickness ,  non-  
dependence  of w on x, and a r a d i a l  ve loc i ty  v a r i a t i o n  
p r o p o r t i o n a l  to x in c o m p l e t e  c on fo rmi ty  with (19). 

We now p r e s e n t  s o m e  r e s u l t s � 9  They  were  obta ined 
for  Ax = 0.005, Ay = 0.025, and the i t e r a t i o n  a c c u r a c y  
e = 10 -5. The  in i t i a l  ve loc i t y  and t e m p e r a t u r e  p r o f i l e s  
we re  a s s u m e d  a l m o s t  constant :  

u~ o~ 1, 0 ~  

l iquid was not suppl ied  th rough  the s u r f a c e  of the  d i sk  
(w0 = 0) .  

The  p a t t e r n  of r a d i a l  flow deve lopmen t  (F ig .  2) 
shows tha t  a t  a s m a l l e r  flow p a r a m e t e r  go = vr0Ar0co) 
the  f i lm  t h i c k n e s s  d e c r e a s e s  m o r e  s h a r p l y  owing to 
the m o r e  r a p i d  i n c r e a s e  in r a d i a l  v e l o c i t i e s .  V a r i a t i o n  
of go has  a l e s s e r  e f fec t  on the behav io r  of the  c i r c u l a r  
ve loc i t y  and t e m p e r a t u r e  p r o f i l e s .  Wi th  i n c r e a s e  in 
the  d i m e n s i o n l e s s  r a d i a l  v e l o c i t y  g r a d i e n t  Vr/Vr0 at  the  
d i sk ,  as  q~ d e c r e a s e s  the d i m e n s i o n l e s s  f r i c t i on  -~r in-  
c r e a s e s  c o r r e s p o n d i n g l y  (Tab le  1). The  d i m e n s i o n l e s s  
c i r c u l a r  componen t  of the  f r i c t i o n  s t r e s s  on the d i s k  
"~go v a r i e s  l e s s  s h a r p l y  with change in go, l ike  the  d i -  
m e n s i o n l e s s  hea t  f lux Nu. The  r a d i a l  v e l o c i t y  at  the  
s u r f a c e  of the d i s k  (Vr/~r0) s, l ike  the  d i m e n s i o n l e s s  
c i r c u l a r  v e l o c i t y  de fec t  ( rw - V~)s / rw,  at f i r s t  in-  
c r e a s e s  a long the r a d i u s  and then beg ins  to fa l l .  

The  ef fec t  of the  Reyno lds  n u m b e r  Re at  f ixed  flow 
r a t e  ( F i g .  3 and T a b l e  2) i s  e x p r e s s e d  in an a c c e l e r a -  
t ion of the  d e c r e a s e  in f i lm  t h i c k n e s s  with i n c r e a s e  in 
R6 as  the r a d i a l  ve loc i t y  i n c r e a s e s .  A p a r t  f r o m  the in -  
c r e a s e  of (Vr/Vr 0) s with i n c r e a s e  in Re,  the  p r o f i l e  of 
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Fig.  2. Effec t  of flow ra t e  on mot ion of l iquid f i lm at 
Re = 10 (lot -- 2). The sol ld  l ines  and i c o r r e s p o n d  to 

=0o5, the dashed l ines  and 2 to ~ =1.5.  
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Fig .  3. Ef fec t  of Re n u m b e r  on mot ion  of l iquid  f i lm  at 
(p = 2.5 (Pr  = 2}. The solid l i nes  and I c o r r e s p o n d  to 

Re =10,  the dashed  l ines  and 2 to Re =50~ 
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this veloci ty  becomes  ful ler ,  the gradient  at the disk 
i n c r e a s e s .  Correspondingly ,  as Re grows, so do the 
f r ic t ion  s t r e s s e s .  The s ame  applies to the c i r c u l a r  
veloci ty defect  (rw - vq~)s : rw. 

\ 
:~ /.2 [.~ ].~ ].8 2.0 ' r / r  o 

Fig. 4. Comparison of flow in liquid film on 

rotating disk (a) with flow in half-width of gap 

between two rotating disks (b) for the same 

= 5 and Re = 12.5. 

We note that whereas when ,~ increases the coeffi~ 

cient of heat transfer from the disk increases only 

slightly, with increase in Re it grows substantially, 
almost as Rel/2 . 

We will compare the flow in a viscous liquid film 

on a rotating disk with the flow between two identically 

rotating disks at identical values of (p = Vr0/(r0w) = 5 

and Re = 6~ co/~ = 12.5 and the same inlet velocity pro- 

files. In this case for flow between two disks 6 0 is the 

half-width of the gap. The velocity fields are also 

shown (Fig. 4) for the half-width of the gap. Calculation 

of the flow between two disks ,  which was based on an-  
other p r og r a m [4], revealed  the development  of the 
rad ia l  veloci ty component  into a separa t ion  prof i le  
( separa t ion  occur red  at x > 1.8), whereas  the flow of 
the liquid f i lm was sepa ra t ion les s ,  and the prof i les  of 
rad ia l  veloci ty and c i r c u l a r  veloci ty defect were  full. 
Accordingly ,  the f r ic t ion  S t resses  at the disk for a 
l iquid f i lm flow cons ide rab ly  exceed the va lues  for the 
case of two d isks .  

NOTATION 

vr,  v~,  and v z a re  the radia l ,  c i r cu l a r ,  and n o r m a l  
veloci ty  components ,  r espec t ive ly ;  p is the p r e s s u r e ;  
T is  the t e m p e r a t u r e ;  p is the densi ty;  v is the kine-  
mat ic  v i scos i ty ;  p = pT~; Cp is  specific heat; q is spe-  
cific heat  flux; w is angu la r  velocity;  r 0 is the in i t ia l  
r ad ius ;  5 o is the f i lm th ickness  at in i t ia l  r ad ius ;  ~ r  = 

= TrS/PVr0) ; ~ = T(ps/(r0o) ~} ; Nu = q s / k  (T d - Ts) .  
Subscr ip ts :  d - -on  disk,  s - -on  f i lm surface .  
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